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Abstract

It is shown that the ratio of the electromagnetic to gravitational wave impedances in vacuum, Zy/Z,,
is exactly equal to the ratio of their static coupling constants: 1/(4mweoG). This identity is derived from
the gravitoelectromagnetic (GEM) formulation of linearized general relativity, and it is demonstrated to
provide new insight by unifying the static and radiative sectors of both forces. The derivation clarifies
why the different static field fall-offs (1/r? for gravity vs. 1/r® for magnetostatics) do not disrupt the
wave-impedance relation, due to the distinct multipole orders of radiation. It is argued that Zy/Z,
serves as a fundamental dimensionless parameter that can be used as a diagnostic for deviations from
general relativity and the Standard Model, with implications for strong-field gravity, varying constants,
extra-dimensional scenarios, and quantum-gravity effects.

1 Introduction

Gravitoelectromagnetism (GEM) is understood to be the weak-field, slow-motion limit of general relativity
(GR), where the Einstein field equations are expressed in a form analogous to Maxwell’s equations [, 2.
In this framework, a characteristic wave impedance for gravitational radiation, Z,, can be defined in direct
analogy to the electromagnetic vacuum impedance Zy. While the existence of both impedances is well known
B, 4, b], the explicit relation
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has received less attention as a fundamental bridge between static and radiative physics. In this paper,
this identity is derived, its physical meaning is explained, and its use as a precision test for new physics
beyond GR and the Standard Model is proposed.

2 Wave Impedances from First Principles

2.1 Electromagnetic Wave Impedance

For electromagnetic waves in vacuum, the impedance is obtained from Maxwell’s equations:
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where E and H = B/ are the electric and magnetic fields, po and gp are the vacuum permeability and

permittivity, and c is the speed of light. For a monochromatic wave with peak electric field Ey, the time-
averaged energy flux (Poynting vector magnitude) is given by
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where the factor 1/2 arises from averaging over a cycle (it would be absent if the root-mean-square field were
used).



2.2 Gravitational Wave Impedance via GEM

In the GEM approximation, the linearized Einstein equations in the Lorenz gauge yield wave equations
for the gravitoelectric potential ¢, and the gravitomagnetic vector potential A4 [L, 2]. The corresponding
gravitoelectric and gravitomagnetic fields are defined as:

E,=-V¢,—0A,, By;=VxAg, (4)

and they are found to satisfy the GEM Maxwell equations:

V- -Eg = —4nGpy, (5)
V- -B, =0, (6)
V x E, = —9,B,, (7)
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By comparing these to Maxwell’s equations, the gravitoelectric permittivity ¢, = 1/(47nG) and the

gravitomagnetic permeability y, = 47G/c? can be identified. The speed of gravitational waves is then

found to be 1
Cg = =G (9)
VEghyg

consistent with GR.

For a plane gravitational wave in the transverse-traceless (TT) gauge, the metric perturbation for a single
polarization is expressed as h;'(t) = hoeij cos(wt), where hg is the peak strain amplitude and €;; is the
polarization tensor. The strain for this polarization can be described by a scalar function h(t) = hg cos(wt).
To parallel the electromagnetic case, an effective gravitoelectric field strength is defined as:

E,= < h, (10)
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where h = dh/dt. This definition ensures that the energy-flux formula takes the same form as in electromag-

netism. For a monochromatic wave, the peak value of E, is Eépcak) = (¢/2)whgy. The time-averaged energy
flux for a gravitational wave of a single polarization is known from linearized GR to be [B, p]:
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Writing this in terms of yields:
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provided the gravitational wave impedance is defined as:
ArG
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This definition, derived from the GEM analogy, is consistent with the formal expression Z, = \/pq/e4. It is
noted that other conventions exist in the literature; for example, Press [4] defines an impedance Z 5’7 =c3/G
which is a factor 47 larger and is used in contexts where the energy flux is expressed in terms of the strain
rate without the factor 1/2 for a single polarization. The present definition is chosen to maintain a direct
analogy with the electromagnetic case.

2.3 The Impedance Ratio and Static Couplings

The ratio of the two impedances is obtained as:
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Using the identity ¢ = 1/(uogo), the central result is derived:

Zo 1
— _ 15
Zg 47T€0G ( )

It is observed that the right-hand side is precisely the ratio of the electrostatic coupling constant 1/(4meg)
(Coulomb’s constant) to the gravitational coupling constant G. Thus, the wave-impedance ratio is
shown to equal the static-coupling ratio.

3 Reconciliation with Different Static Fall-Off Laws

A potential objection is noted: the static gravitational field of a point mass falls off as 1/r2, while the static
magnetic field of a dipole falls off as 1/r3. The question arises of how the impedances, which govern wave
propagation, can be simply related to the static couplings.

The resolution is understood to lie in the multipole structure of radiation. The static fall-off rates
reflect the multipole order of the source: gravity is dominated by the monopole (¢ = 0), giving 1/r2, while
magnetostatics arises from dipole currents (¢ = 1), giving 1/r3. However, radiation is governed by time-
varying multipoles of higher order. Electromagnetic radiation is dominated by dipole sources (¢ = 1), while
gravitational radiation_has no monopole or dipole contributions due to conservation laws; the leading order
is quadrupole (¢ = 2) [{7, §J.

When the radiation fields are expressed in terms of the source moments, the extra factors of 1/r in
the static fields are compensated by additional time derivatives in the radiation formulas. Specifically, the
radiative field amplitude scales as ~ (source moment) x w’/r, where w is the characteristic frequency. The
coupling constants (1/(4weg) for EM, G for gravity) appear as prefactors in the source moments. Conse-
quently, the impedance ratio—which relates the radiative energy fluxes—emerges as a simple product of the
fundamental couplings, independent of the detailed spatial decay of the static fields. This connection can be
made explicit: the ratio of the power scalings contains the factor 1/(4meoG), which is exactly Zy/Z,, mul-
tiplied by frequency-dependent and source-structure terms. This demonstrates that the impedance relation
is a robust feature of the far-field wave zone, where both types of radiation exhibit the same 1/r amplitude
decay.

4 Physical Interpretation
The identity Zy/Z, = 1/(4meoG) is understood to encapsulate two key facts:

1. The relative weakness of gravity: The enormous numerical value Zy/Z,; ~ 1.35 x 102 reflects the
well-known hierarchy G < 1/(4meg).

2. The geometric unification of constants: In Kaluza-Klein theory, both G and 1/(4meg) are under-
stood to descend from the geometry of a compact extra dimension, with their ratio determined by the
compactification radius. The impedance relation is thus seen to tie wave properties to extra-dimensional
geometry.

5 A Diagnostic for New Physics

Because Zy/Z, is a dimensionless combination of fundamental constants, it provides a sensitive probe for
deviations from established physics:

e Varying constants: If G or a = e?/(4meghc) evolve cosmologically, the impedance ratio would be
expected to vary. Multi-messenger observations (comparing gravitational-wave and electromagnetic
arrival times from the same event) can constrain such variations.



o Strong-field modifications: In strong gravitational fields (e.g., near black holes), nonlinear GR
effects could alter the effective Z,. Precision measurements of gravitational-wave waveforms from
merging compact objects could reveal such deviations.

o Extra dimensions: In braneworld scenarios, the effective 4D G and ¢y depend on bulk geometry,
potentially modifying the impedance ratio at short distances or high energies.

e Quantum gravity: Planck-scale corrections might introduce frequency-dependent dispersion in Z,
which could be detected via gravitational-wave spectroscopy with next-generation detectors.

e Gravitomagnetic anomalies: The GEM framework predicts specific gravitomagnetic induction ef-
fects; laboratory tests of these effects (e.g., with rotating superconductors) could constrain deviations
from the predicted impedance.

6 Conclusion

The exact relation between the electromagnetic and gravitational wave impedances has been derived, showing
it to be identical to the ratio of their static coupling constants. This result, while implicit in the GEM
equations, highlights a profound connection between static and radiative physics that is often overlooked.
The impedance ratio Zy/Z, is presented as a fundamental dimensionless parameter that can be used to test
the foundations of general relativity and the Standard Model. It is recommended that future multi-messenger
observations and high-precision gravitational-wave experiments explicitly use this ratio as a consistency check
and a search tool for new physics.
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